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conditional type. Thus an appropriate analysis of their model is provided
which is different from the one proposed by them.

2. DISCRIMINATION BETWEEN TWO POPULATIONS

Consider a (p + g)-dimensional random variable (Y, Z), where Y is p-
dimensional and Z is g-dimensional. We shall refer to Y as the main variable
and Z as the concomitant variable. Let E; and E, denote expectations with
respect to two p + g variate normal distributions with the same dispersion
matrix and possibly different mean vectors. Some hypotheses of interest are
as follows:

Ho,: E((Y) = E;(Y), E(Z)= Ey(2).
Ho,:  E(Y|Z)=E,Y|Z), whether E,(Z) = E,(Z) or not.
Hos: E((Y) = E;(Y) given E\(Z) = Ey(Z).
7 Hos: E(Y) = Ex(Y).
The interpretations of these hypotheses and their tests based on independent
samples of sizes n; and 7, from the two distributions, although well known,
need some re-examination in the light of numerous applications made during
recent years. ;
 The hypotheses Hy,; and Hy, can be tested by using Hotelling’s 72 or
Mahalanobis’s D?. The test for H,, for a general p was first given by the
author [4]; the special case for p =1 was well known in the context of
analysis of variance (of a single variable) with covariance adjustment (for a
number of concomitants). A test for Hyj, different from that of H,,, was
developed in [5]. Let D,.,, D,?, and D,* be the estimated Mahalanobis’
distances based on all the p + g variables (Y, Z), the main variable (Y),
" and the concomitant (Z), respectively. Further let ¢ = nyn,/(n; + n,) and
ny + n, . Then the suggested test criteria for the hypotheses Ho; to Hos
S Tollows:

" Test criterion : Null distribution
N -p—aq-1 , o
B > (p
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In the case of Ty it is convenient to use the related statistic W — TL /0 %1
with large values of W indicating significance, which has the density 4

ron=[r 25 ) )

% W(PIZ)-I(I i W)[(N—'P—'q—l)/ZJ—l

g N—g—1 N+p—1 :
X ZFI(E’ 5 3 5 ) W) ’ (2.1)

where ,F; is the hypergeometric function of the second kind.

Let Af’““l’ A%, and A}? be the true Mahalanobis’ distances based on the
variables (Y, Z), Y, and Z only. Then the hypotheses Hy; to Hy, can be stated
in alternative forms:

H01 5 A2 — 0

ptaq

Blose A2 — A 2= 0 whether:A 2 iszero or Hot
g e 0 siven' A S — 10, equivalent to A * =0 given A = =10
H04: APZ = O

It is, however, customary to use the same criterion T, for both the hy-
potheses Hy, and Hy; , as Hys implies Hy, under the condition E;(Z) = E,(Z).
See, for instance, the papers by Cochran and Bliss [2] and Cochran [1].
The author has shown elsewhere [5] that there is a slight advantage in using
T, for testing Hy; . Such a conclusion was reached by computing the variances
of estimates of A2, , based on the statistics T, and T3, when A,? is given to be
zero, and observing that the variance is smaller for the latter. The percentage
points of the distribution (2.1) are, however, not available, but it is hoped to
provide the necessary tables in the near future. A good approximation is

provided by the use of

Gl [N -p-dzlg 2.2)
N 1 p

e ratio on p and N — p — g — 1 d.f. The nonnull distribut}:pn of W
ved in [5] in a form suitable for the computation of the power
W. A tabulation of the power function of W may be needed to
y the relative performances of the tests T, and Tx .
E,(Z), that is, A,> =0, the hypotheses Ho, to Ho4 are
erefore, T, and T, may also be considered as alternatives
‘expected that T; would be inefficient compared to ‘Tz
f freedom of the numerator for the corresponding
based on the effective number p but on the larger

P
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number p + ¢. A rough computation of the loss of efficiency in using T,
instead of T, has been made recently by Cochran [1].

But a real competitor to T, (or T;) may be T,, the test based on D 2
ignoring the observations on the g characters. It is clear that when the tv:o
sets of variables Y and Z are uncorrelated, the observations on Z do not
provide any information on the distribution of Y, and consequently the test
T, should be better than T, (or T;). If the correlations are small, T, will still
be better, unless the sample sizes n; and #n, are large. In practice we usually
have a situation where a test of the type T, (or T,) using a subset of the
available concomitants would be more efficient. An examination of the
estimated correlations between the sets of variables Y and Z may enable us
to choose such a subset Z, (of Z). The set Z, may be empty, in which case T,
is the appropriate test.

3. DISCRIMINANT FUNCTIONS

A closely related problem is the estimation of the discriminant function
in the following situations : '

(@) E(Y) # Ex)Y), E((Z)# EyNZ).

(b) E(Y|Z) # E,(Y|Z), using conditional distributions only.

(©) E;(Y) # E,(Y) given that E,(Z) = E,(Z).

Let 8y = E(Y) — Ex(Y), 8, = E,(Z) — E,(Z), and let the dispersion matrix
of (Y, Z) be

2= (v b )= (o =)

SC ant function in terms of population parameters in the case of

o (E) = By I’ + 8, )Y +(By L2 +5,/E)Z

¥ ,o)z—l(Y) i syle 1Y e SYIZIZZ, (3.2)

11 212
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for 8y, 3, and X~ . their estimates from the sample. The discriminant functi
in the case (b) obtained from the likelihood ratio of the conditional distribon
tions of Y given Z is "

LY |Z) = @y 18,057 (]) — 65572, (33
which is the difference between the discriminant functions based on (Y, 2)
and Z. For estimating the function (3.3), we substitute for Oy, 0, 2% and
X, their estimates.

The status of the discriminant function (3.3) must be clearly understood.
If L(Y, Z) is the discriminant function based on (Y, Z) and L(Z) that based
on Z alone, then we have the decomposition of L(Y, Z),

L(Y, Z) = L(Z) + LY\ Z), (3.4)

into two independent components. In using L(Y | Z) we are considering only
the information provided by Y independent of Z. There may be practical
situations where it may be necessary to do so.

Cochran and Bliss [2] and Cochran [1] recommend the use of an estimate
of L(Y | Z) substituting d (the observed differences) for 6, even in the case of
(c), which specifies that the true values of &, is zero. A more appropriate
discriminant function for the case (c) is the expression (3.2).

4. THE EFFECT OF INCREASING THE NUMBER OF
CHARACTERS

Suppose there are two experimental conditions (treatments), and on each
individual subjected to a treatment multiple measurements have been ob-
tained. The differences between treatments in such a situation can be tested
by using Hotelling’s 7’ 2 or Mahalanobis’s D?, taking into consideration a
jin number of measurements (variables). But it is not uncommon in
ctice to find significant differences at a given level by applying S{:gd'ent’s t
on each individual measurement, whereas the T2 or D? test utilizing all
asurements simultaneously fails to indicate signiﬁ.can.ce a‘f the same
1 example from an anthropometric investigati.on is given in '}‘able g
ic (square of ) for each character is significant at the 57 level.
atistic for testing the joint hypothesis (Hos) that the popl.ll.atlo.n
1 r and humerus are the same for both the communities ols
v ariance ratio on 2 and 44 d.f. is not significant at the 5%
serous situation where the inclusion of an extra character

hower of the test. B
e number of characters on tgsts of |



TABLE I

Tests of Differences between Communities
by Individual Characters

Mean length of

Sample
size Femur Humerus
Community 1 27 460.4 335.1
Community 2 20 4443 3237
F statistic 5.301 4,901
for each character (1,45df) (1,45d.f)

significance we have to compute the power function of the test T, for different
value of p. For given sample sizes n; and n,, the power depends only on p,
the number of characters, and Apz, the true distance between populations.
Figures 1, 2, and 3 give the power functions for values of p = 2(1)9 when the
sample sizes are equal and the common sample size N = 10, 20, and 30,
respectively. Itis seen from these charts that for a given sample size, the power
can decrease with increase in the number of characters from g to p + g unless
the increase in the true Mahalanobis distance A2, , — A ? is of a certain order
of magnitude. The difference in Mahalanobis distances necessary to maintain
the same power decreases, however, as the sample size increases for any given
p and g and also as g increases for given p and sample size.

For instance, in the numerical example, the D? for femur alone is D,* =
that due to femur and humerus is D, = 0.4777, so that the
2 due to the inclusion of humerus is 0.0163, indicating that the
population A? is small. Such a small increase is not of value

zes 20 and 27 from the two populations. Perhaps with 10
. on the total and equal distribution of sample sizes, the
would have increased the power of discrimination.

OF DISPERSION WITH COVARIANCE
ADJUSTMENT
odel in the multivariate case can be written

.1)

A is an n x m matrix of known
own parameters. The rows of
nponents of any row have a
. Let Cbe ann X g matrix
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Starting with the model (5.5) for p + g correlated variables, let us obtain an
analysis of dispersion for deviation from hypothesis and due to residual, The
corresponding S.P. (sum of products) matrices of order (p + ¢) are given in
partitioned form separating the elements for the p main and ¢ concomitant
variables and their cross products. Thus, let the S.P. matrix for deviation from
hypothesis be

e Dll D12 =
D= (D21 D,, with s d.f.

and the S.P. matrix due to residual be

o SR o |
W= (W21 sz) with (n — r) d.f.,,
where 7 is the rank of the matrix A. Let (T;;) represent the total matrix, where
T;; = W;; + D;;. _

The concomitants yield no information on the hypotheses concerning T, if
all the regression coefficients are zero, that is, if B = 0. For this purpose we
use Wilk’s A criterion, 4

Wi Wy
A1 s lel i lY“,12‘IV;21“721l o Ig:&ll lxzzl (5-6)
11 11 22

with parameters (g, p, n — r — g) (representing the degrees of freedom of the
3 thesis with respect to each variable, the number of variables, and the
; of freedom for the residual matrix, respectively). If A; is small,
iting that not all the regression coefficients are null, we may proceed to
ce adjustment. The Wilk’s test for the hypothesis RT, = 0

Wi,

L ,WZI w22 s IWZZI (5.7)
Tll T12 ITZZI
T21 T22

An alternative test similar to T; of

u
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Suppose that it is required to estimate linear functions
P'T; = 0, where P is a column vector. If we ignore the infor
the least-squares estimate of P'T is

P'T,=P'(A'A)AX, ' ~ (5.9)

where the inverse matrix in (5.9) is a generalized inverse (as defined in Rao
[7L[8]), when the rank A is less than m. The dispersion matrix of (5.9) is

D(P'(A’A)'A’X) = P(A’A)"1PZ, (5.10)

and an estimate of X, is (n — r)"'E,,, where

P'T, given that
mation P'T, = 0,

e Ry

E, =X(I— AWA) AN, 611

The confidence interval for any component of P'T, and simultaneous inter-
vals for all the components of P’T0 can be obtained using formulas (5.9) to
(5.11).

The estimate of P'T, using the concomitant variables C is
P/ = PUATA) T AR — P (AIATE G, s | il

where B is a solution of the equation E,,B = E,, and E,, and E,, are defined

e E, = C(I—AA'A) 'A)X, e
E : Eyy=ClI— AR ANE
The dispersion matrix of the estimates (5.12) is eX, ., ,I where
2= P'(A’A) 1P + P'(A’A) " 'A’CE;,/C’A(A’A) P (5.14)
and T =P EinZon 221 is estimated by
ol = A e Q)_I(Eﬁ E K>, E21) (o135

on (n — r — g) d.f. Inference on the parametnc functions P'T, can be drawn

ormulas (5 12) to (5.15). Such inference is of the conditional type,
the values o comitant variables. When variations in the con-
ed, one uses the distribution (2.1) instead of

ors (5.9) and (5.12) of P'T, we examine
of the estimators P’APE,; and eX;.,.
d consequently covariance adjustment
ents of X,,., are somewhat smaller
By that 15, when Em = 0 there is

:

‘ we shau emsxd&r the sxm
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6. THE MODEL OF POTTHOFF AND ROY
Potthoff and Roy [3] introduced a model of observations X such that

E(X) = AEF, (6.1)
where A and F are known matrices of orders n x m and q%p and € is a
matrix of order m x ¢ of unknown parameters. The different rows of X
are distributed independently, while the p components in each row have a
p-variate normal distribution with the same dispersion matrix. Starting from
the model (6.1) the authors consider the estimation of linear functions of &
and tests of linear hypotheses on &. Their approach is summarized below.
Let the rank of F be g, in which case the rank of FG~'F’ is g, where G is any

positive definite matrix of order p x p. Multiplying both sides of (6.1) by
G 'F'(FG 'F) !, we have

E(Y) = AG, (6.2)
3 where Y = XG™'F'(FG™'F’) . Thus the model (6.1) implies the model (6.2)
of the Gauss-Markoff type. The general theory of least squares can then be

applied on the model (6.2) for drawing inferences on the parameter &.

Such a procedure is unsatisfactory, for two reasons. First, the matrix G is
arbitrary. Second, the matrix of observations X of order n x p is reduced to a
matrix Y of order n x g, and, if ¢ < p, there will be loss of information
unless the dispersion matrix of the variables in any row of X is known and
G is chosen to be this known dispersion matrix. Potthoff and Roy suggest that
G may be chosen on the basis of prior information or estimated from previous
data. From a practical point of view, both the suggestions are subject to
criticism.

We shall give an alternative reduction of the model (6.1) leading to a con-
ditional model of the type (5.2), in which case the general theory of Section 5
will apply. Construct a p X p nonsingular matrix H = (H, : H,) such that
FH, = 0 and the columns of H; form a basis of the vector space generated
by the rows of F. Such a matrix H is not necessarily unique. Let r be the num-
ber of columns in H;. Multiplying both sides of (6.1) by H, we find

E(XH;) = ASFH,, E(XH,) o 0. (6.3)

; i1s obviously r, an

d hence EFH, can be replaced by an
t parameters, so that the setup (6.1) is

=0, (6.4)
tional expectation of Y given

(6.5)
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: ) intpdducing the matrix B of unknown regression parameters. Thus we have the
iy PAR\c’ ervations Y and the expectation matrix (6.5) of the Gauss-Markoff type
as in (5.2). Then the general theory of analysis of dispersion with adjustment
for concomitant variables as given in Section 5 is applicable.

It may be noted that the matrix H is not unique but the estimates of para-
metric functions and test criteria based on analysis of dispersion will be the
same for all choices of H, satisfying the stated conditions.

When the rank of F is g, we can choose H; as G™'F'(FG™'F')"! and H,
such that FH, = 0, where G is an arbitrary positive-definite matrix. In such a
case the conditional expectation (6.5) is

E(Y|Z) = A% + ZB, (6.6)

in which the original parameters are retained. :
In the method of Potthoff and Roy, the information contained in Z is

ignored.

7. AN ILLUSTRATIVE EXAMPLE

Let Y = (J, ---» V) be observations on a growth curve at p points of time
such that

E(.Vi)=3o+ﬁ1fp1i+“: + Bi®Pris D(Y)=Z @=1"" Ek (7.1}

where‘ @j;iis the value of the jth orthogonal polynomial (in time) at the ith time
point. If n independent growth curves each satisfying condition (7.1) are
considered, we have an n x p matrix X of observations with the expectation

E(X) = UB®, - )

where U’ = (1, ..., 1) with all unities, p = (Bo, ---» B, and @isa(l + k) x p

s of orthogonal polynomials of orders 0 to k. The model (7.2)
leti®, bea(p—1—k)xp matrix of values of
rs (k + 1) to p. Then

— UBD(@' : ®,") = UB(L: 0), (7.3)

E(X(Do') e 0,

ormation (7.3) simply implies. that
consider the equivalent variables
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we have a p-dimensional variable b such that
lﬁlb‘)mﬁl, imo,l,‘...k,
m (), Imbg41,...,p=1, (1.5

We are required to draw inferences on f8; given n sets of independent obser-
vations on b with expectation as in (7.5) and with an unknown dispersion
matrix.

We recognize the variables by 4, ..., b,_, as concomitants and proceed to
estimate the coeflicients f; using the method outlined in Section 5. Before
doing so, it is worthwhile examining whether it is profitable to consider the
concomitants. We shall illustrate the procedure by an example given in [3]
with p =4 and n = 16. The first step is to obtain by, b;, b,, and b, from
Y1 -+ ¥4 On each curve and compute the averages and the corrected sum of
squares and products from the 16 sets of four b values. The results are sum-
marized in Table II, which also contains individual F tests for testing the
significance of each coefficient, and also the correlation matrix in the lower
half of matrix on the right side. (b, ..., b; are computed using the un-
standardized values of the orthogonal polynomials. An adjustment for this
1s made in Table III, where the estimates of f8; are given.)

TABLE II
Individual Tests and S.P. and Correlation Matrices for by, ..., bs
b Fy, 15 S.P. and correlation matrices
bo by b2 bs
bo=99.875 2982° 802.7500 —5.6250 —35.8750 —213.7500
5; — 15687 59.639 —0.0063 990.4375  —91.4375 105.8750
b.— 0.813 1.88 —0.1383  —0.3162 84.4375 4.6250

0.0987 0.0148' 1161.7500

, are of the nature of concomitants,
to be considered is unity. Further,
nd the concomitants (b, , b3) 1s
59), showing that covariance
tes of f, and B, and the confi-
o and b, only are given In

T and Roy. It is seen from

SR R
- w“
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TABLE II1
Estimates and Widths of 95%, Confidence Interval

Using Method of Pé)tthoﬁ"
Parameter by and b and Roy
PBo Estimate 24.969 2511 1-
Width 1.948 ' 1.941
B: Estimate 0.7844 0.7665
Width 0.429 0.471

Table III that slightly more efficient estimates are obtained by the proposed
method. It may be noted that a preliminary analysis led us to decisions on the
degree of the polynomial and the use of concomitants, on which the final
analysis is based. Does it imply that our computed precisions are over-
estimated and need some adjustment because of our preliminary examination
of data? This situation must be faced in any statistical analysis of real data
where the model used for final analysis is partly determined by a preliminary
examination of data. But such difficulties in interpretation arise only if we are
considering an isolated case. I imagine that in any experimental investigation
a series of growth curves will be studied, possibly under different experimental
conditions (treatments), involving the estimation of polynomial growth
coefficients in each case and very often a comparison of such estimates. It
should be possible to decide on a suitable set of concomitants for such a

purpose.
For a discussion of the methods of estimation of polynomial growth curves

the reader is referred to [6, 9, 10]. -
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